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§ 5.2 Application (1) : Heat equation on 112
.

UCx.tl - temperature
_tkoirx

at tinie t
.

g 3¥ = 1¥ ,
✗ c- IR

,
t > o ①

w

\ Ulx, o) = fcxi , XELR ②

( initial condition )

Let us use the method of Fourier transform to
derive a solution for the above heat equation .

Taking Fourier transform on the both sides of ①
( in variable x) ,

we obtain

¥ Ñ(§ , t ) = (2-1113)
' Ñ(3.t)

.



testifies :

set Ñ(§,t)=f☒U(x.tl e-
""

"

{ ✗
d×

Then

fp ¥-6 .tl e-
Kiss *

dx

⇒ ¥ £
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Hence

d Ñ({ it )
d-t-i-4-i.si Ñ(3. t )

so
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Taking t=o in the above equators gives

Ñ (Sno ) = Afssl

Recall that UG ,
o ) = fan . It follows that

Ñ({,o ) = Fcs ) .
Hence AGH fY§ ) . Therefore

Ñ(3.t ) = §(§ ) . e- 41737
s

Notice that e-
" "% 't

is the Fourier transform
of
that -_EtÉ¥÷ ,

✗ c- IR
,
too

.

We call {Ht }t > ☐

the heat kernel on IR as t→o
.



So
~

Ñ(ss.tl = f^C§ ) . that

=

~
f- *Ht 651

By the Fourier inversion formula , we obtain

UA.tl = f- * Htcxl .

Next we give a theoretic check .

-1hm
.

Let f- c- SAR) . Let want)= f- * that .
Then the following holds :

① UE (112×112-1)
,

where LR+i= (0,01
,

3¥ -3¥. .

③ UCx.tl ⇒ fan as 1-→ o

③ f.pe/UCxit1-fcxsidx → o as b-→ o
.



Pf : ① Since f , Ht C- SAID
,

So are § and Rt .
It follows that

§ . At C- SARI . That is
, f-* HTESGR)

.

Hence

f- * Ht C- SARI
.

Do by the inversion formula ,

Udit) =ftp.f#Tft(sg,.e*is3'dg--fpf7g)..e-4-isitez-iissx
d }

In the following , we show I¥ exists
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7. e
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ot-soipf%3D.ph
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Notice that

e-4*3%1--1
/ It / £ const • 134 fusiy the

mean value
theorem)so
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'

( Notice that
font .si c- SARI )

By the dominated convergence thm ,
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"" ×
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In a similar way , we can show U C- 0 (112×112-1)
.



Moreover
,
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This proves ① .


